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ABSTRACT. We present a counterexample to the conjecture of Bihan, Franz, 
McCrory, and van Hamel concerning the maximality of toric varieties. There 
exists a six dimensional projective toric variety X with the sum of the mod 2 
Betti numbers of X(M.) strictly less than the sum of the mod 2 Betti numbers of 

X(C). 

Let X = X(C) be a complex algebraic variety defined by equations with real 
coefficients. Complex conjugation a : X — > X acts on X, and the fixed points X a 
are the real points of X, denoted X(R). It is of interest to try to understand the 
relationship between the topology of X(C) and that of X(R). If one looks at the 
mod 2 Betti numbers, the Smith-Thorn inequality states 



£>(*(M)) < 5>(*(<C)). 



We say X is maximal or an M-variety when equality is achieved. 

Toric varieties are defined by equations with integral coefficients. See Fulton 
[Ful] for background on toric varieties. Thus, if X is a toric variety, we may con- 
sider J£(R) the real points of X. In [Bih], Bihan et al. define a spectral sequence 
Gp that converges to the ordinary Z2 homology of X(M) when X is a projective 
toric variety. Here we use different notation and indexing. We write this spectral 
sequence as E p q , where G r pq = ^E*p+ q - p - For each p and q we have 

(1) E l,q - E p,q 

where E p is the Z2 Leray-Serre spectral sequence for the moment map of X(C). 
The spectral sequence E T pq converges to the ordinary Z2 homology of X(C). Bi- 
han et al. conjecture that every toric variety is an M-variety. Their conjecture is 
based on (1), numerous examples, and the fact that every nonsingular toric vari- 
ety is an M-variety. In this note, we present a counterexample to this conjecture. 
The author would like to thank Matthias Franz and Clint McCrory for ongoing 
discussions and emails. 



Theorem. There exists a six dimensional projective toric variety which is not an 
M-variety. 
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We will define a toric variety from a matroid as in [Gel]. Let M be the rank 3 
matroid Fj, the Fano plane. The affine dependencies of M are depicted below, and 
the bases of M are the triangles in the diagram. 




Consider the projective space CP whose coordinates are given by the bases of M 

{Vijk I ijk € - {123, 147, 156, 246, 257, 345, 367}}. 

We define a linear action of the complex algebraic torus 

t ■.= (c*y = {{h,t 2 ,t 3 , u, t 5 , t 6 , t 7 ) i n g c*} 

on CP 27 where the action on the coordinates is 

(h,h,t3, U, h) ■ Vijk = UtjtkVijk- 

Note that the one dimensional subtorus {(t, t, t, t, t,t,t)\t G C*} acts trivially. By 
restricting this action to the subtorus 

T' := {(h,t 2 ,ts,t4, t$,t6, 1) | U G C*}, 

we obtain an effective action of a six dimensional algebraic torus on CP 27 . Let 
X(C) be the closure of the torus orbit 

X(C) = V ■ (1,1,1,..., 1) c CP 27 . 

Then, X is a six dimensional projective toric variety. The moment polytope for X 
is the projection of the matroid polytope for M onto the first six coordinates. We 
use torhom [Fra] to compute the ranks of the entries in E" 2 q = E p q for X (2) and 
the Z 2 Betti numbers for X(R) (3). 
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(3) [l 1 1 8 57 15 l] 

As the total grading for the spectral sequence E r pq is p, we see the spectral sequence 
does not collapse at E 1 . Moreover, 

6 

5>(X(R)) = 84. 

i=0 

The total grading for the spectral sequence E r vq is p + q. Thus, the only possible 
nonzero higher differential is d\ 1 : E\ x — > E\ 2 - If d\ 1 = then the spectral 
sequence collapses at E 2 , the 2,2 Betti numbers for X(C) are 

[1 1 3 4 15 26 22 15 1] 

and 

12 



i=0 



If d\ A / then the Z 2 Betti numbers for X(C) are 

[1 1 2 3 15 26 22 15 1] 

and 

12 

£&i(X(C)) = 86. 



i=0 

In either case, we obtain 

6 12 

;>>(X(M)) < J>(X(C)), 

i=0 i=0 

and hence X is not an M-variety. 
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